A linear elastic full-space composed of an upper half-space, a lower half-space and a layer of three different transversely isotropic materials under an internal load is considered. The axes of symmetry of the different regions are assumed to be normal to the planar interfaces of the regions and are thus parallel. An arbitrary load in the frequency domain is allowed on a finite patch located at the interface of the upper half-space and the adjacent layer. By means of the complete displacement potentials, the displacements and stresses in the three regions are determined in Fourier-Hankel space in the form of line integrals. The solution can be degenerated to the solution for (i) a full-space under an arbitrary buried load, (ii) a halfspace contain a layer bonded to the top of it under an arbitrary surface force, (iii) a half-space under an arbitrary surface load, (iv) a two layer half-space under an arbitrary force applied at the interface of two regions, (v) a half-space under an arbitrary buried force, (vi) a layer of finite thickness fixed at the bottom and under an arbitrary surface load, and (vii) a bi-material full-space under an arbitrary load at the interface of two materials. Examples of the displacements and stresses are obtained numerically and compared to existing solutions.
Introduction
Wave propagation in isotropic solids induced by external loading has for many years been the subject of numerous investigations (Lamb, 1904; Ewing et al., 1957; Achenbach, 1973; Miklowitz, 1978; Apsel, 1979; Apsel and Luco, 1983; Pak, 1987 andPak and Guzina, 2002) . On the other hand, wave propagation in an anisotropic medium has received less attention. The form of anisotropy with the most common application is perhaps the case of transverse isotropy. One of the earliest studies of transversely isotropic materials is due to Michell (1900) . Eubanks and Sternberg (1954) made an in-depth investigation of the potential functions proposed by Lekhnitskii (see Lekhnitskii, 1981) for axisymmetric elastostatics problems in transversely isotropic materials. Applied and extended by Nowacki (1954) and Hu (1953) , the Lechnitskii-Hu-Nowacki solution (see Wang and Wang, 1995) comprises a set of two potential functions satisfying a fourth order and a second order partial differential equation. For the same class of problems, an alterative general solution for elastostatics axisymmetric transversely isotropic problems was introduced by Elliott (1948) and later extended by Lodge (1955) to the general elastostatics transversely isotropic case. Their solution consists of a set of three functions, each satisfying a second order partial differential equation. For elastodynamics, one may mention the work of Stoneley (1949) , Synge (1957) , Baltrukonis et al. (1960) , Wang and Achenbach (1996) , Eskandari-Ghadi (2005) , and Eskandari-Ghadi et al. (2007) . Baltrukonis et al. (1960) proposed a potential representation for a hollow elastic transversely isotropic cylinder problem but left the issue of completeness unaddressed. Eskandari-Ghadi (2005) introduced a complete solution for elastodynamic problems in z-convex transversely isotropic domains, when z is parallel to the axis of material symmetry. The solution consists of two potential functions, which is reducible to aforementioned Lekhnitskii-Hu-Nowacki solution for elastostatics. Yang and Pan (2002) found three-dimensional elastostatic Green's functions in anisotropic trimaterials by applying the generalized Stroh's formalism and rectangular Fourier transforms. In their infinite series representation, the components of the image solution were expressed as line integrals over a finite interval [0, 2p] . On the usefulness of potential methods, the approach by Ding and Chenbuo (1996) to find a general solution for a piezoelectric transversely isotropic medium should also be mentioned. By writing the displacement components in the plane normal to the symmetry axis of the material in terms of two unknown functions, they reduced the five basic governing partial differential equations to three. Although the issue of completeness is open, they were able to further reduce the problem to two potentials.
In this paper, a linearly elastic transversely isotropic fullspace composed of an upper half-space, a lower half-space and a layer in between is considered. Each region is occupied by a different material and the axes of material symmetry for the different regions are assumed to be normal to the interfaces of these regions and thus parallel to each other. A general load distribution in the frequency domain is allowed on an arbitrary patch located at the interface of the upper halfspace and its subsequent layer. The potentials introduced by Eskandari-Ghadi (2005) are used to uncouple the equations of motion. With respect to a cylindrical coordinate system, the uncoupled equations for the potential functions are solved, in each region, by a Fourier expansion in the angular coordinate and Hankel transforms in the radial direction. By means of the displacement-and stress-potential relations in the transformed space, the displacements and stresses are given in Fourier-Hankel space. Satisfying the boundary and continuity conditions, the solution is analytically obtained and the displacements and stresses are provided in the form of line integrals. The solution includes degenerate cases such as (i) a halfspace under an arbitrary surface load, (ii) a half-space under an arbitrary buried force, (iii) a half-space fixed at the top and under an arbitrary buried force, (iv) a half-space containing a layer bonded to the top of the half-space under an arbitrary force applied at the interface of two regions, (v) a fullspace under an arbitrary load in it, (vi) a bi-material full-space under an arbitrary force applied at the interface of two halfspaces, and (vii) a layer of finite thickness fixed at the bottom and under an arbitrary surface load. Evaluated numerically, some of line-integral solutions are presented as illustrations as well as validations.
Statement of the problem
A linear elastic full-space composed of an upper half-space, a lower half-space and a layer, each consists of a different transversely isotropic material is considered. As indicated in Fig. 1 , a cylindrical coordinate system (r, h, z) whose z-axis is normal to the interface planes is attached to the entire domain as a reference. The axes of symmetry of three different regions are considered parallel to the z-axis. The upper half-space, the middle layer and the lower half-space are designated Region I, Region II and Region III, respectively. As indicated in Fig. 1 , Region I is defined as z < 0, Region II as 0 < z < s and Region III as z > s. An arbitrary internal load is considered to be applied on an arbitrary patch at the interface of the upper half-space and the layer (Fig. 1) . In this section, the general equations for transversely isotropic media are given. For simplicity, the indices I, II or III is omitted from the equations given in this section. In each region, the equations of motion in terms of displacement components in the absence of body forces are (Lekhnitskii, 1981) Poisson's ratios characterizing the lateral strain response in the plane of transverse isotropy to a stress acting normal to it n Hankel's parameter n k q1 ; n k q2 ; n k q3 ; n p branch points and simple pole on positive real axis where U, V and W are the displacement components in r-, h-and zdirections, respectively; q is the material density; t denotes the time variable. In addition, A ij are the elasticity constants of each region. For a transversely isotropic material, A 66 = (A 11 À A 12 )/2 and five independent elastic constants, A 11 , A 12 , A 13 , A 33 and A 44 are needed to describe its behavior (Gurtin, 1972 and Lekhnitskii, 1981) . These five elastic constants may be related to the engineering constants E, E 0 , m, m 0 , G and G 0 as given in (see for example Eskandari-Ghadi et al., 2007) .
Fundamental solutions
Owing to the difficulty in dealing with the coupled partial differential equations in (1), the method of potentials plays a major role in the solution of the related complex boundary value problems. Eskandari-Ghadi (2005) proposed a complete representation using two potential functions for solving dynamic boundary value problems in the transversely isotropic materials, which degenerates to the Lekhnitskii-Hu-Nowacki solution (Lekhnitskii, 1981; Hu, 1953; Nowacki, 1954 ; see also Wang and Wang, 1995) in the static case and further to Muki's formulation (1960) for isotropic materials. Because of its completeness and simplicity, the two-potential representation is used in this treatment. The displacement components are expressed in terms of these two potential functions, F and v, through the following relations (Eskandari-Ghadi,
In addition, the stress components can be expressed in terms of the potential functions as where
In the case of time-harmonic motion with a time factor e ixt , one
To solve Eq. (6), it is convenient to use a Fourier expansion with respect to the angular coordinate h and Hankel integral transform (Sneddon, 1951) with respect to the radial coordinate to get 
where for q being either I, II or III
The terms C Im , D Im , H Im , A IIm to H IIm , A IIIm , B IIIm and G IIIm in Eqs. (10)-(12) represent unknown functions to be determined using the continuity conditions at z=0 and z=s. In the foregoing expressions, k 2 q1 ; k 2 q2 and k 2 q3 for q = I, II and II are single-valued, but k q1 , k q2 and k q3 are multi-valued. To be consistent with (10)- (12), one must define a Riemann surface with two sheets such that k q1 , k q2 and k q3 are single-valued and analytically continuous from one sheet to another. This can be achieved by specifying branch cuts for k q1 , k q2 and k q3 on the complex n-plane as Fig. 2 , with branch points emanating
q such that the real parts of k q1 , k q2 and k q3 are always non-negative (e.g., see Pak, 1987) . Under these choices of the branches, the e Àk q1 z ; e Àk q2 z and e Àk q3 z terms and the e k q1 z ; e k q2 z and e k q3 z terms become inadmissible in Eqs. (10)- (12), respectively and thus are omitted.
Allowing an arbitrary time-harmonic surface traction with intensity f(r, h)e ixt on a finite region p 0 on the surface plane of z = 0 (see Fig. 1 
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where P(r, h), Q(r, h) and R(r, h) are components of f(r,h) in r-, h-and z-direction, respectively. In addition, z = 0 À and z = 0 + denote that z approaches 0 from z < 0 and z > 0, respectively. Similarly, one may write the continuity conditions at z = s as
Using the displacement-and stress-potential relations (2) and (3), these 12 equations may be written in terms of 12 unknown functions C Im , D Im , H Im , A IIm to H IIm , A IIIm , B IIIm and G IIIm .
As seen in Eq. (6), the governing equation for the potential v is a shear-wave equation and for the potential F is a repeated pressure-and shear-wave equation with an additional perturbation, which has less effect for low frequency. In addition, investigation of Eq. (10)- (12) 
where where K 1 to M 8 are given in A-1, A-2, A-3, A-4, A-5, A-6, A-7 in Appendix A, and 
Thus, the displacements and stresses in physical time-domain can be recovered by using (5).
Some specific source distributions
In the preceding analysis, the surface loading or excitation has been left arbitrary. In this section, three different specific cases of common interest are considered as illustrations. They are: (a) a uniform horizontal patch load of unit resultant applied on a circular disc of radius a acting in any horizontal direction, (b) a uniform vertical patch load of unit resultant applied on a circular disc of radius a, and (c) a vertical point load R acting at point (0, 0, 0).
Case (a) -horizontal patch load:
Since the domain is transversely isotropic, any plane perpendicular to the axis of symmetry (here z-axis) is an isotropic plane. Thus, all directions in that plane have the same property, because of this x-direction is considered as the direction of the horizontal patch load. Therefore, in this case a uniform horizontal patch load of unit resultant applied on a circular disc of radius a is considered to be acted in x-direction. Under these circumstances, it can be shown that ½P; Q ; Rðr; h; tÞ ¼ cos h
Henceforth, the Fourier expansion coefficients are as follows:
Substituting (24) into (18), gives
Using these expressions in (19), and substituting the results into (22), the radial, angular and vertical displacements in Region q can be obtained by w qm ðr; zÞ ¼ 
Since, J 1 (nr) = ÀJ À1 (nr), the angular displacement is identically zero, and the radial and vertical displacements in Region q are given as u q (r, h, z) = u q1 (r,z) and w q (r, h, z) = w q0 (r, z), respectively.
Case (c) -vertical point load:
For a vertical point load R acting at point (0, 0, 0), p 0 = {(x,y,z)- 
Some specific tri-material configurations
To understand the importance of the relative magnitudes of the material moduli in the problem, three sets of material constants as listed in Table 1 are considered for the layer and the half-spaces. As illustrations, many specific cases of layered-half-space and fullspace material configurations may be examined in this study. They are: Case (i) a full-space under an arbitrary buried load, Case (ii) a half-space contain a layer bonded to the top of it under an arbitrary surface force, Case (iii) a half-space under an arbitrary surface load, Case (iv) a two layer half-space under an arbitrary force applied at the interface of two regions, Case (v) a half-space under an arbitrary buried force, Case (vi) a layer of finite thickness fixed at the bottom and under an arbitrary surface load, and Case (vii) a bimaterial full-space under an arbitrary load at the interface of two materials. These cases are illustrated in Fig. 3 . Here, some of these cases (Cases (i) to (iv)) are analytically investigated and their general solutions are obtained by degenerating of the original solution of this paper.
Case (i) a full-space under an arbitrary buried load.
Originally, this case comprises of the Kelvin problem if one were to apply a point static force and the ensuing solution may, for example, be used in the boundary element method. Because of 
Substituting these relations into the relations (32), the unknown functions will be given for the static case. They have demonstrated, by substituting (32) with the relations given in (33) into (21), that one could take the line integrals given in (21) to obtain the displacements analytically and showed that the solution coincides with the result in Pan and Chou (1976) for the cases of s 1 = s 2 and s 1 -s 2 . This means the solutions given in (32) with the relations given in (33) are coincident with the solution of Pan and Chou (1976) in the static case.
Case (ii) a half-space containing a layer bonded to its top under an arbitrary surface force
This case, which can be used in the dynamic analysis of structures rested on a layer with different stiffness from the underneath half-space, may be obtained from the original solution if one sets the elasticity coefficients of the upper half-space to be zero. Detailed investigation of relations (17)- (19) shows that one should treat this case by taking the limit of the functions given in (19) when A Iij ? 0, from which one can get
where K 1 to M 5 are given in A-8,A-9,A-10,A-11,A-12 in Appendix A. When the elasticity coefficients of the upper half-space (Region I) approach zero, the displacement components of the domain would approach infinity as expected.
Case (iii) a half-space under an arbitrary surface load
This is the case studied by Rahimian et al. (2007) ,EskandariGhadi et al. (2007) also examined this problem as a degenerate case of their two-layer half-space. In their paper, Eskandari-Ghadi et al. (2007) have reduced their general solution to this case by making the elasticity tensor of the lower half-space to approach zero as the height s approaches infinity. In this way, they arrive at the solution given by Rahimian et al. (2007) . Although one can apply the same procedure with reference to Case (ii) in this section, the solution in this paper is obtained by making the elasticity tensors of Regions II and III to be the same. Then, to have the same expression as given in Rahimian et al. (2007) and Eskandari-Ghadi et al. (2007) , one may take the limit of the coefficients when s approaches infinity to have 
Case (iv) a two layer half-space under an arbitrary force applied at the interface of two regions
This case is particularly relevant to soil-structure interaction problems with buried structures. This case may be degenerated from the original solution of (19) if one takes the limit of the coefficients when A IIIij ? 0, which gives M j = N j = 0 for j = 1-4 and the other coefficients do not change.
As indicated in the Case (ii), if the elasticity coefficients of the lower half-space approach zero, the displacement components of the related domain should approach infinity, which happens in this case.
Numerical evaluation
As indicated in previous section, the displacement-and stresscomponents are expressed in terms of one-dimensional semiinfinite integrals. Because of the presence of radical functions,
exponential and Bessel functions in a complex form in the integrands, the integrals cannot be given in closed-form even in an isotropic material. For the numerical evaluation of integrals given in (21) and also the integrals for stresses, some special considerations are needed due to the presence of singularities within the range of integration and the oscillatory nature of the integrands because of Bessel functions. The important aspects of the integrands are the branch points and poles. For the evaluation of these integrals numerically, one must (i) locate the poles and branch points associated with branch cuts so that all functions are properly single-valued and consistent with the regularity condition, (ii) integrate from zero to a point in behind the first pole and continuing the integration from a point after the first pole to a point in behind the second pole and so on, and from a point after the last pole to a sufficiently large value, and (iii) adding the contributions from the residues at the poles to the final sum. For the line integration, an adaptive numerical quadrature approach is adopted, which is coded in Mathcad software. The upper limit of the integrands is determined adaptively since the integrands go to zero slowly when their variable approaches infinity. This procedure continues until the selected error criterion is satisfied and the integral converges. Typically, the upper limit for the dimensionless frequencies (see the definition given below) of less than 0.5 is found to be about 80; for higher frequencies considered, up to 150 is needed.
The pole n p of the integrands in displacements (21) and stresses are the roots of the determinant of the system of equations, which has been solved for C Im , D Im , A IIm to D IIm , A IIIm and B IIIm and the roots of equation Ç(n, s) = 0, where Ç(n,s) is given in (18). If the upper half-space vanishes and the material of the lower half-space and the middle layer are the same, then there exists only one pole in the integrand, which is related to the existing Rayleigh wave. This is the case studied by Rahimian et al. (2007) . If the upper halfspace vanishes, however, the materials of the middle layer and the lower half-space are different, then there exist two poles, one related to Rayleigh wave at the surface and the other is related to Stoneley wave at the interface. This case has been studied by Eskandari-Ghadi et al. (2007) . In the general case of tri-material full-space, there exist two poles in the integrands, which are related to the Stoneley waves at two interfaces. As indicated above, to deal with the singularity at the poles, since the poles at n pa are interior singular points, the integral is decomposed into some integrals. They are: first, integral with the upper limit n p1 À e, second, with a lower limit n p1 + e and the upper limit n p2 À e, and so on, plus an integral with a lower limit n pn p þ e and a sufficiently large upper limit, and then integrals over small semi-circles of radiuse above the poles n p1 and n p2 ,, and so on, where e being a small number and n pn p is the last pole. The integrals from zero to n p1 À e, from n p1 + e to n p2 À e, and so on are evaluated using Simpson's rule, and the integrals over the small semi-circles of radius are evaluated using the residual method (e.g. Churchill and Brown, 1990) . For the case of a branch point, the integral is broken up into two parts and evaluated with increasingly small e until the selected error criterion is satisfied for convergence.
To illustrate the analytical results in previous sections, three different materials, listed in Table 1 , are considered. Material I is isotropic with m = 0.25, while materials II and III are transversely isotropic. With these materials, the following cases are defined to illustrate the solution:
Case I-1: Homogeneous half-space under surface load with To have comparable plots, the horizontal and the vertical displacements are normalized as either (pA II44 au/P and pA II44 aw/R) or (pA III44 au/P and pA III44 aw/R), where a is the radius of the patch load, A II44 and A III44 are the shear coefficient of the middle halfspace and the lower half-space, and P and R are the magnitude of horizontal and vertical load, respectively. In addition, the stresses are normalized as (1/p)[r ij /(P/pa To examine the isotropic half-space dynamic solution, the solution presented by Pak (1987) for the displacement in xdirection along the z-axis due to a time-harmonic horizontal patch load of unit intensity distributed over a disc of radius a at the interior of an isotropic half-space with a dimensionless frequency x 0 equal to 0.5 is first used as a benchmark, where x 0 is defined by x 0 ¼ ax ffiffiffiffiffiffiffiffiffiffiffiffi ffi q=A 44 p , and q is the mass density and A 44 is the shear modulus of the half-space. To compare the solution of this paper with the solutions given by Pak (1987) , one may set the elasticity coefficients of Region I to be zero and the elasticity coefficients of the Regions II and III to be the same as material I in Table 1 . As indicated in Fig. 4 , there is an excellent agreement between the solution of this paper and the solution obtained by Pak (1987) , for both real and imaginary parts. To see the accuracy of the numerical solution of this paper for stresses, the real and imaginary parts of stress r zz for the Case II-1 due to a time-harmonic vertical patch load of unit intensity distributed over a disc of radius a on the surface of a transversely isotropic half-space with a dimensionless frequency Comparison of stress r zz in a transversely isotropic elastic layered half-space subjected to uniform load in the same direction applied on a disc of radius a, when x 0 = 0.5.
x 0 equals to 0.5 are illustrated in Fig. 5 , and an excellent agreement between the solutions are seen.
Several numerical examples are carried out through a series of parametric studies to explore the influence of the degree of the material anisotropy, the frequency of excitation and the type of loading on the response. It needs to be pointed out that all numerical results presented here are dimensionless, with a non-dimensional frequency defined as x 0 ¼ ax
. Fig. 6 shows the vertical displacement for the Cases II-2 and 3. As the reader will see, the results are significantly different for different levels of material anisotropy. Fig. 6 indicates that the vertical displacement increases with a decrease in E (the modulus of elasticity in the isotropic plane) when other engineering properties are kept constants. Figs. 7 and 8 show the same functions for Cases III-1, 2 and 3 when the dimensionless frequency is x 0 = 3.0. Fig. 9 illustrates the vertical displacement in full-space subjected to uniform load in z-direction applied on a disc of radius a for x 0 = 0.5.
Conclusions
A comprehensive solution has been presented for displacements and stresses of a three-dimensional, linearly elastic, transversely isotropic tri-material full-space each region containing a transversely isotropic material with different properties, subjected to an arbitrarily distributed time-harmonic interfacial load. The equations of motion in terms of displacements in each region have been uncoupled and solved by means of a complete potential representation in terms of two scalar functions for elastodynamics and a Fourier-Hankel transform method. The solution covers the cases of a bi-material full-space under an arbitrary load at the interface of two materials, a full-space under an arbitrary buried load, a half-space containing a layer bonded to the top of it under an arbitrary surface force, a half-space under an arbitrary surface load, a two layer half-space under an arbitrary force applied at the interface of two regions, a half-space under an arbitrary buried force, and a layer of finite thickness fixed at the bottom and under an arbitrary surface load, as special degenerations. For the numerical evaluation of the inversion integrals, a numerical scheme, which gives the necessary account of the presence of singularities and branch points on the path of integration without the use of damping has been implemented and validated with relevant existing solutions for isotropic or transversely isotropic media. The results demonstrate that the response is strongly influenced by the degree of anisotropy of the material especially at low frequencies where the displacement will increase with the deformability of the material in the direction parallel to the applied load. In addition, the solutions indicate that the response is strongly affected by frequency of excitation. The solutions presented in this paper can be of value in developing analytical as well as boundary-integralequation formulations for dynamic analysis of anisotropic soilstructure interaction and non-destructive evaluation of composites and anisotropic media.
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